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Abstract

The sheaf cohomology of topological shift for the block-rectangular matrix-representation of the hierarchical Markov Model in-
corporates an analytic formulation of white noise and of random effects. New analytical techniques for fragment sequencing are
developed. The fragment sequencing is obtained after the topological Markov chain of the adjacency matrix of the corresponding
undirected graph; the presence of white noise and that of random effects are included. The paradigm consists in defining the hier-
archical block rectangular matrices, from which the Topological Hidden Markov Models are issued (as clusters), with the aspects
of Hidden Markov Models of ‘multivariate Gaussian data’ with vanishing mean; the generalized covariance matrix is studied. The
model is compared with the stochastic properties of the decomposition that approximates experimental data. One of the previous re-
sults of the applications of the new method can be looked at in the analysis of the numerical simulation of the sequencing techniques.
As an example, it is known that the Gojobori-Ichii-Nei model fails in reproducing the Jukes-Cantor scheme, while the Kimura ma-
trix model succeeds in it. The difference is explained as the former model is not obtained from the Jukes-Cantor paradigm after
application of the differential operators (for substituting the entries of the matrix), while the latter model is. In the present paper, the
new analytical result is further accomplished, to calculate the maximal likelihood analytically in protein sequencing and in DNA-
sequencing, in cases where the sequence of elements varies over time; the method solves analytically the phylogenetics computer
programs. The analysed problem belongs to the nondeterministic polynomial time (NP) hard class of complexity.
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l. Introduction The further interrogation about white noise in [3]

and about random effects [4] are codified within the same

The question raised in [1] regarding the work in [2] is
addressed in the present paper. Specifically, the issue
concerns establishing the well-posedness of comparing
contact maps that have different bin sizes. The relevance
of overlapping the contact maps is that it allows for the
comparison of graphs (and related structures, such as dis-
tances.)

paradigm. As recalled from [5], solving the problem of
contact-maps overlap belongs to the NP hard class of com-
plexity [6,7]. A visual method for comparing an adjacency
matrix is proposed in [8].

The question posed in [1] is addressed here ana-
lytically through the following strategy. A topological
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Markov chain is constructed for the network starting from
a rectangular hierarchical block matrix that incorporates
white noise and random effects and encodes the cluster
structure. The problem formulated in [1] is resolved by
demonstrating that the topology of the manifold on which
the chain is defined is endowed with a Hilbert metric. The
answer to the interrogation of [1] is therefore here found
to be analytical; for these purposes, the new paradigm in
topology was created- the numerical methods are not used
in the present paper.

The tasks of graph matching are addressed in the
present guidelines for investigation using several method-
ologies. A spectral method for these purposes is devel-
oped in [8]. The adjacency matrix of the graphs to be
compared is analyzed in the same work as far as the lead-
ing eigenvector (only) is concerned. The sequences are
matched after developing the graph nodes to align them.
The corresponding Markov chain is constructed, taking
into account only the leading eigenvector of the adjacency
matrix.

A key difference between the method proposed in
the present paper and that proposed in [8] is that, in the for-
malism adopted here, the sequence order does not have to
be re-aligned a posteriori. Indeed, the approach of [8] re-
lies on reappreciating the paradigms of segmentation and
those of grouping. In the analysis presented here, the iso-
lated segments can be arranged into a block-matrix repre-
sentation.

Another limitation of [8] is that it descends from the
methods developed in [9]. In [9], graphs of the same size
can only be compared. Accordingly, in the present anal-
ysis, graphs of different sizes are generated for compari-
son in one-to-one correspondence with the pertinent block
matrix.

One more discrepancy with the work of [8] is that
the point-proximity matrix is analyzed and its eigenvec-
tors are considered, i.e., as in [10], after [11]; as a result,
only the Gaussian-weighted distances between points can
be calculated.

The various point sets are compared based on the pat-
terns of eigenvectors corresponding to different sequences.
This comparison is carried out by juxtaposing the im-
manantal polynomials of the Laplacian matrices of the line
connectivity graphs [12]. Local topological spectra are
considered after [13].

One attempt to codify white noise within chains re-
lies on time-series expansion, as last shown in [3] for
Markov chains. In contrast, in the present paper, the white
noise of topological shifts is represented as a matrix.

In [4], the following question is posed: which pieces
of information must be added to a model to obtain a
Markov representation of random effects? This question
is addressed in the present paper.

In contrast, the pairwise Euclidean distance [14] is
applied to explain how clusters behave differently under
white noise and random effects, after computing the dis-
similarity matrix. Consequently, the clusters are mod-
eled as topological Hidden Markov Models, to which the
Cameron—Martin distance can be applied. Two methods
of fragment sequencing are proposed, based on the new
formalism developed in [15]. The first method extends the
Jukes-Cantor model following [16], while the second mod-
els the fragment directly. Both methods involve construct-
ing the fragment for the states of the probability space by
applying the appropriate Morse operators to an initial pair-
wise sequence [17]. The filtration of the probability space
is determined after the definition of Hidden Markov Mod-
els of ‘multivariate Gaussian data’ from [18] (i.e., Topo-
logical Hidden Markov Models), from which the indica-
tions from [19] and those from [20] are applied. The ap-
plication of these guidelines must be compared with the
new techniques developed in [21].

Furthermore, starting from [17], white noise and ran-
dom effects are included within the analytical representa-
tion.

The paper is organized as follows.

In Section 2, the methodology is presented: the an-
alytical tools for fragment sequencing are reviewed, and
the theorems on the singular-value decomposition (SVD)
of ordered block matrices are recalled.

In Section 3, the new results are presented. The
definition of the chain from the contact map in the pres-
ence of random effects and white noise is established,
and the Topological Hidden Markov Models for the clus-
ters are constructed. Further results in sequencing are
presented: the further interrogation from [22] is analyti-
cally solved, addressing how to maximize the likelihood
of DNA and protein sequences when substitution rates of
nucleotides or amino acids vary over time. In particular,
the technique substitutes standard phylogenetics program-
ming codes and is also theoretically extended to applica-
tions in machine learning.

In Section 4, applications are presented, including
the use of Dirichlet forms to analytically obtain a vanish-
ing mean for a multivariate distribution, and the formula-
tion of a paradigm for model construction that is indepen-
dent of the measure while remaining consistent with [21]).
As a result, the question posed in [1], following [2], is ad-
dressed.

In Section 6, the Conclusions are presented.
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2. Methodology
2.1. Fragment-Sequencing

This section summarizes the issue posed in [1] after [2].

Definition 1. Let a ‘bin’ be a vector of consecutive frag-
ments,; more in detail, let & = (a1,aq,...,ar) be a row
vector with k fragments. The bin with one fragment is de-
noted as b = (b1, ba, ..., by).

Definition 2. The contact frequency fqp is defined as

Equation (1)
1=k j=I

fab = Zzeaqyb,-

i=1 j=1

(M

with eq,p; the number of ‘ligation” events between frag-
ments, and, in the present case, between fragment a and
fragment b.

The contact map is the matrix whose entries corre-
spond to the pairwise ‘contact frequencies’ between two
vectors of bins. The definition of the contact-map matrix
is taken from [23] p. 26 is taken as

Definition 3. A4 contact map is a matrix M whose entries
m;; = 0 if f the Euclidean distance between the two el-
ements (of the sequence) i and j is less than or equal to a
pre-assigned threshold t.

It is worth noting that, in contrast, [1], m,; typically
assigns a value of 1 when the distance is less than a given
threshold. An alternative definition of a contact map is
issued from [24] as

Definition 4. A4 contact map is a square, symmetrical ma-
trix of pairwise contact of residues;

Accordingly, this definition is well-suited for defin-
ing pairwise sequencing.

The analysis from [1] is here reappraised.

Let p'be the row vector of m consecutive bins, i.e.,

ﬁ: (p11p21 7pm)
Let ¢’ be the row vector of n consecutive bins, i.e.,

q’: (qlv g2, .- qn)
Clearly, vectors p and ¢ have different dimensions.
This is a characteristic of rectangular matrices,
which are used for fragment sequencing within clusters.

Definition 5. A is the contact-map (matrix) whose entries
are given in Equation (2)

2

Aij = fijj

withl < i <m, 1 < j < m when all the bins are in p
and those in q.

Definition 6. Cis contact maps are contact maps ob-
tained in the case when all the bins form p and those form
q are from the same fragment.

Definition 7. Trans contact maps are contact maps ob-
tained in the case when all the bins form p and those form
q are not from the same fragment.

The hierarchical structure of clusters is more appar-
ent after the comparison with [1]. With all the above pa-
rameterizations in place, the scenario is prepared for the
definition of contact networks.

Definition 8. Nz(V, &, w) is the contact network of ' if

V ={p1,p2,....pm} isthesetofnodes, € = { { pi,p;} |
Jpip; > O} is the set of edges with f, . the contact fie-
quencies between the nodes (bins) with 1 < i < m, and
w the weighting function, i.e., an application which sends
€ in RY as Equation (3)

w:&€ =R

)

more in detail, the weighting function w assigns to each
edge its contact frequencies as in Equation (4)

w(pzap]) :fp“pj' (4)

Remark 1. It is anticipated that the weighting functions
will be generalized.

Definition 9. The cis contact-map matrix A(cis p) is the
adjacency matrix of the contact network N(V, €, w).

The notions of weighted graphs and those of un-
weighted graphs can therefore be recalled.

Definition 10. Ny(V,&,w) is named an unweighted
graph if the weight w is such that w — £ — { 1} .

Definition 11. Ny(V, &, w) is a weighted graph other-
wise.

Let { C} be the set of clusters in Nz(V, £, w); the
following definition holds

Definition 12. The set of clusters { C} is defined as
Equation (5)
{C} ={a} 2

withce, C V, k> 1.

)
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The Shavit-Walker-Lio’ (SWL) matrices B’s are de-
fined as

e B(1)anm x m matrix whose entries b(1);; are as

Equations (6a) and (6b)
b(1)ij =1,4,j €c,ce C,cCV, (6a)
b(1);; =0 otherwise; (6b)

and

° B(s) an m x m matrix whose entries b(s),; are as

Equations (7a) and (7b)
b(s)i; =1,i,j €c,c€ Co_1,cCV, (7a)
b(s)i;; = 0 otherwise; (7b)

If the structure is hierarchical, clusters may be present.
For this reason, Hierarchical Block Matrices (HBMs) are
sought.

The HBM matrices of N can be studied here.

Definition 13. The HBM block matrix of Ny(V,E,w) is
a non-negative m X m matrix G whose entries g;; are de-
fined as Equation (8)

®

gij = ming{ s |bs i =1}
with s > 1.

2.2. Singular-Value Decomposition
(SVD) of Ordered Block Matrices:
Theorems

From [16], the underlying ‘signal’ matrix with ordered
block structure D is considered, i.e., D € R™%" that is
starting index of J as m; X nto mps X n.

A rectangular ‘observation’ matrix Y is considered,
under the hypothesis that there are M blocks of sizes
(my,ma, ..., mpr) with sumi= {”ml = m and N blocks
of sizes (n1, na, ...,ny) with ijl n; =n.

Without loss of generality, m < n is assumed.

The observation matrix ¥ can be decomposed ac-
cording to the entries Equation (9)

Yij = dugyv) + a6 +vvi) ®

where H (i) and V (j) are block membership indicators
with values (1, ..., M) and (1, ..., N).

The column vectors 7 (;) and v, ;) are defined as
continuous random variables with vanishing means and
standard deviation o, and o,, respectively, i.e., they rep-
resent white noise.

The underlying constant signal D is therefore iso-
lated from the other components in Equation (9).

Let jaxb be an a x b matrix with all entries equal
to 1. The matrices D, 1) and © in Equation (9) are written
as

D = {d;;}

dllJle’nl leJmlan

dMlijan dnlmeNIXTLN

i ={ni;}
[ nlJml Xn

TIM‘]’H’ijxn
v ={vi;}

I/ljanM

D =
VMJmMXn

3. Results

3.1. New Definition of the Chain from
the Contact Map in the Presence of
Random Effects and White Noises

The request of [23] that the distances between the contact
maps be Euclidean is here accomplished.

The Matrix Y from [15] is here rewritten using its
singular-value decomposition, as shown in Equation (10)

Y =oyoT (10)

The matrix © and the matrix ¢ are reduced to vectors: the
vector u is recovered in the general case; differently, in the
present analysis, if Y is compact, the metric is Euclidean
when that of the vector ¢ is Hilbert (while the definition
of @ is not in general Hilbert). In this way, the chain Qis
defined on a surface endowed with a Hilbert metric. The
chain associated with the adjacency matrix corresponds to
a topological Markov chain.

The Euclidean distance from [14] is used to define
the ‘average pairwise distance’.

From [18], the Cameron-Martin metric is defined
from | «y | as Equation (11)

| v |= supvTy - vTev < 1 (11)

On the vector ¥/ of the singular-value decomposition Equa-
tion (10); the vectors ¥ and the vector ¥/ are made to coin-
cide, in the case of fragment sequencing. The role of ¢ is
that of the variance, from which the covariance is taken,
which allows one to specify marginal distributions; the
choice of ¢ is specified in Theorem 2.
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On the vector ¥/ of the singular-value decomposition
Equation (10), the vectors U and the vector ¥ are made
to coincide in the case of fragment sequencing is studied.
The role of ¢ is that of the variance, from which the co-
variance is taken, which allows one to specify marginal
distributions; the choice of ¢ is specified in Theorem 2.

The hypothesis from [18] on the expectation value
and on the variance are kept as Equations (12) and (13)

(12)

and
Varv = v ¢w.

(13)

3.2. Clusters as Hidden Markov Models

As in [18], the obtained clusters are Hidden Markov Mod-
els of ‘multivariate Gaussian data’ when the covariance
matrix is fixed. It is the purpose of the next Section to fix
the covariance .

The mean vector is newly estimated from the log-
emission function from [18] in terms of the Baum-Welch
backwards probabilities and for the Baum-Welch forward
ones and is required to vanish in the form of [15].

In the Baum-Welch algorithm, the likeli-hood func-
tion L is here written from [25] on the A collection of
model parameters. The Baum-Welch backward probabili-
ties a(t) and the Baum-Welch forward probabilities 5(t)
are here considered for the observation of the probability
space O as Equations (14a) and (14b)

Oét(j) = P?‘(Ol,OQ,...,Ot,St :] ‘ )\),
Bt(]) = Pr(Ot+l7"'7OtaSt :,7 | )‘)

(14a)
(14b)

The multivariate distribution mean is calculated as Equa-
tion (15)

=T . .
i Yomy (4)Bi(4)Oy
J t=T . .
>oi1 (7))
It is now newly required to be set to zero, as expressed in
Equation (16)

(15)

TﬁjEO.

(16)

The techniques for analytically obtaining a multivariate
mean of zero are discussed in Section 4.1. In the follow-
ing subsection, the paradigm developed here is shown to
generate a Markov process. The covariance matrix is now
fixed from [20], and the Topological Hidden Markov Mod-
els are newly built.

3.3. The new Topological Hidden Markov
Models (of Clusters)

As studied from [20], a Gaussian distribution with van-
ishing mean is taken. The specification of the variance ¢
allows one to specify the marginal distributions.

Gaussian probability measures with ‘prescribed
marginals’ are defined after the joint probability density
P with marginals P.,, P.,, ..., Pe,. The ¢; here used are
those from the subset Equation (5).

A class of Gaussian measures with prescribed
marginals is newly found after [20] as there exists the co-
variance matrix ¢ and < is unique. The probability space
(states, observation, filter) is now constructed for the
Topological Hidden Markov Models of clusters. The filter
is constructed based on the probability function, and the
measure of the probability space is subsequently defined.

From [20] p. 139, the random vector field X is
considered, with a Gaussian distribution and with vanish-
ing mean and positive-definite covariance ¢. The density
p()f ) is written as Equation (17)

p(X) = 2m) 71V (det[e]) "1/ 3XTIX )
from which the measure of the probability space is calcu-
lated.

Marginal densities pp()z ) are defined for arbitrary
subsets I of X. The following Proposition is drawn from
Proposition 1 from [20].

Proposition 1. The zeros of the matrix < correspond to
the definition of conditional independence.

The following new proposition is newly derived af-
ter Proposition 2 from the same source as

Proposition 2. Let C be the simple graph of vertices { cl}
from Equation (5). The vertices of c; index the Gaussian
random variables X .

The particular cases of the pairwise sequence are
now studied for comparison with [18]. The covariance
obeys the following:

Definition 14. {~1(«, 8) = 0 implies that the pairwise
sequence («, ) is not in E(C), and o # B.

The generalized covariance here used is <(a, 3).

The generalized covariance matrix ¢ is defined as in Equa-
tion (18)

(o, B) = E(XaXp) (18)

The following two theorems are recalled in [20] from [26].
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Theorem 1. The covariance K g, (a, B) is determined
as Equation (19)

Kscm(aa 5) = é(aaﬂ)a { O‘vﬂ} € 5(0)7 ora = ﬂ (19)

where K. sem IS the sample covariance matrix.
Theorem 2. The choice is taken from Equation (20)

S, B)=1,{a,B} ¢E(C),a+#B,

being hatl the identity matrix.

(20)

The sheaf-cohomology techniques from [17] can be
used to model the scenario with noise and random effects.

3.4. Topological Framework of Contact
Probabilities

The role of contact probability is inscribed within a topo-
logical framework.

In the work of Lieberman-Aiden et al. [27], mas-
sive parallel sequencing is used to demonstrate the 3-
dimensional features of the complete genome with respect
to proximity-based ligation. Open and closed chromatin
are shown to exhibit spatial segregation.

As mentioned before, the long-range interactions be-
tween chosen pairs of loci are discriminated using Chro-
mosome Conformation Capture (CCC), where spatially
constrained ligation plays a crucial role. Hi-C is a method-
ology based on massive unbiased sequencing, whereas
CCC does not permit unbiased genome-wide analysis.

In the work of Kalhor et al. [28], the Tethered
Conformation Capture (TCC) is described as a technique
for genome-wide mapping of chromatin interactions. Ibi-
dem, the TCC is outlined to enhance the signal-to-noise
ratio, which highlights inter-chromosomal interactions; di-
verse combinations of interactions are hypothesized to be
present in cells; 3-dimensional genome-wide structures
are highlighted. As a result, the statistical analysis is lim-
ited, and chromosomal interactions are investigated only
in the human genome.

As discussed, only a few structural aspects that rule
the organization of chromatin are nowadays reported to
be understood at the genome scale. Various factors limit
the understanding of Chromosome Conformation Capture
(CCC). Low signal-to-noise ratios in chromosome capture
experiments reduce the ability to map low-frequency inter-
actions, and individual structures are now hypothesized to
vary across the cell population.

The capture of conformational data into 3-
dimensional structural models is now, therefore, an open
challenge. Accordingly, theoretical folding models [27]

have been applied to genome-wide conformation capture
data.

In the same source, the TCC is treated as a modified
conformation capture method, in which a higher signal-
to-noise ratio is calculated, allowing analysis of inter-
chromosomal interactions. The resulting analysis tech-
nique is probabilistic and enables one to describe some
features of the genome. As a methodology, massive par-
allel sequencing is performed, which links the initial con-
tacts to the locations of the paired loci in the genome. The
obtained contact maps accurately account for the observed
patterns: the results are in accord with [27].

In the work of Misteli [29], a characterization of the
genome is depicted. As previously discussed, the organi-
zation of the genomic sequence is described as being deter-
mined by spatial and temporal factors at three hierarchical
scales: the functioning of nuclear properties, higher-order
mechanisms associated with the chromosome fiber, and
the spatial arrangement of genomes within the cell nucleus.
Genome stability is understood to be influenced by these
three factors, which also play a role in gene expression.

The three factors discussed above are pivotal for un-
derstanding large-scale DNA sequence mapping. Conse-
quently, the cellular mechanisms that determine genome
positioning and their effects on genome regulation must be
comprehended to complete the sequencing process. The
nature of transcription complexes is thus highly dynamic,
with their behavior additionally modulated by compart-
mentalization.

In the work of Branco et al. [30], the compart-
mentalization processes are analyzed as responsible for
gene expression after accounting for chromatin interac-
tions within distal chromatin organization. More specif-
ically, interactions between distal chromatin segments are
reported to influence transcriptional regulation. The topol-
ogy of chromosomes is introduced in [3 1], where the chro-
mosome topology is also the capability to undergo the nu-
clear processes.

In the work of Haaf and Schmid [32], the topology
of chromosomes is shown to follow several rules that dic-
tate the number of attachment sites on each chromosome.
The arrangement of DNA ‘families’ repeats is studied ibi-
dem. The topological structures demonstrate patterns also
in evolutionarily distant species. In turn, topological struc-
tures help define transcriptional processes. The compart-
mentalization of the processes regulating transcription is
not yet fully understood.

In the work of Zhang et al. [33], the topology of
chromosomes is explained as shaping the energy land-
scapes, which are described in the present paper within
Markov Models and are now newly analyzed as apt to

Orchidea Maria Lecian

Computing&Al Connect


https://scifiniti.com/
https://scifiniti.com/journals/computingai-connect

SCIFINITI

PUBLISHING

®

2025, Vol. 2, Article ID. 2025.0029
https://doi.org/10.69709/CAIC.2025.194912

be arranged within the framework of the Markov State
Model.

In [33], the energy landscape is also found to exert a
backreaction on the three-dimensional genome organiza-
tion. In the same work, the energy landscape is described
using a maximum-entropy approach, which yields a least-
biased effective energy landscape.

In the work of Boulos et al. [34], graph theory is
applied in the description of the human genome as far
as chromatin interaction (HiC) is concerned. The main
replication regions are shown to be in correspondence
with DNA loci of maximal network centrality; further-
more, these loci are demonstrated to constitute a set of
‘interconnected hubs’ both at the chromosome level and
at the scales implied for different chromosomes. The ge-
nomic mechanisms of replication and of transcription can
be framed within a graph-theoretical organization, which
can be exploited to validate the polymer models of the nu-
clear organization. The DNA sequences are represented
as networks, where critical positions are assigned based
on a centrality hierarchy that distinguishes among degree
centrality, betweenness centrality, and eigenvector cen-
trality. The ranking accounts for the total weights of the
incident edges; within this analysis, the degree centrality
[35] is a local centrality measure, the betweenness central-
ity [35] accounts for to which extent a vertex is located
between other vertices on the geodesics of the graph (it
is here recalled that for these purposes the graph must be
positioned on a manifold), and the eigenvector centrality
[36] discriminated the vertices which are connected with
‘well-connected’ vertices. In this theoretical framework,
the three-dimensional conformations are analyzed by rep-
resenting genomic loci as vertices on a plane.

In the work of Sexton et al. [37], the contact map
is constructed from the Drosophila species. More pre-
cisely, a high-resolution contact map is written from a
modified genome-wide chromosome conformation cap-
ture approach. The data analysis is presented as demon-
strating that the genome exhibits a linear partition into
‘well-demarcated’ domains, which overlap extensively
with active epigenetic marks and repressive ones. Intra-
chromosome and inter-chromosome contacts define con-
tact density and clusters.

In the work of Hou et al. [38], the chromosome do-
mains are proven to be defined after epigenetic marks.

In the work of Dixon et al. [39], the 3- dimensional
organization of the human genome is summarized. More
specifically, megabase-sized local chromatin interaction
(“topological”) domains are identified. Moreover, their
boundaries are also characterized. Topological domains
are assigned a directionality index, which quantifies the
degree and type of interaction bias of each genomic region.

A Hidden Markov State Model is then used to identify the
biased states, thereby pinpointing the locations of topolog-
ical domains. As a result, genomic DNA is described as
partitioned into spatial modules linked by chromatin seg-
ments, with topological boundary regions defined by re-
gions of chromatin disorganization.

4. Discussion

4.1. The Use of Dirichlet Forms for
Obtaining a Vanishing Multivariate
Distribution Mean Analytically

The use of Dirichlet forms is indicated in [16] and in [40].

The results from [16] are suited for constructing
Topological Markov Models from Jukes-Cantor-inspired
sequencing, i.e., as issued by [41].

On the other hand, the results from [40] are suited for
the analytical solution of Equation (15) and for the imple-
mentation of the potential theory for the calculation of the
rewards (which is recalled from [42] 2.2); the Cameron-
Martin formula is recalled in Section 4.

With regard to the calculation of rewards, the pres-
ence of absorbing states within a fragment can be further
examined.

From [43] and [44], the definition of vector fields for
Dirichlet forms on Markov processes enables the analyti-
cal solution of Equation (15). In particular, [43] provides
a definition of vector fields on mapping spaces for this pur-
pose. The role of weights can be generalized for machine
learning purposes, as in [45].

4.2. Generalized Constructions of the
Chain of Fragment Comparison

The method of fragment comparison is described here, fol-
lowing [46].

From [46], the method is developed, in which a par-
ticular probability kernel is constructed with the suitable
space of probability measures for the definition of the
chain; the work [46] is to be implemented with the choice
of the likelihood function as from [25] implementation of
Equation (15). The results presented here are compatible
with the most general construction [46] when a Gaussian
distribution with vanishing mean is taken for the definition
of the measure, i.e., the filter, of the probability space.

The comparison of the two fragments (z™) and
(y™) here is accomplished on a chosen probability space
(Q, F, Pr) with Pr assumed on normed spaces Ey and E,
respectively.

Let A and B be fixed Borel subsets of Fy and E,
respectively.
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X™ is the state space o{ xg, %1, ..., x,} defined on
a Borel subset with its o-algebra.

Analogously, Y™ is o{ yo, Y1, .., Yn } - The Hidden
Markov Process (z) is characterized by a transition ker-
nel 7 (z,dz’), and the observation process (y™) is charac-
terized by the transition kernel ’Tfl (y,dy") as Equations
(21a) and (21b)

T{Tni1 € A| X" Y"} =T (2n,A),
T{yns1 € B X" Y"} =T (yn, B),

(21a)
(21b)

respectively.

The kernels 7 are probability measures for the fixed
Borel subsets A and B; 7T; is chosen as in Equation (22)
T = [ r )y @2)
B
with w € R(FE), with R(E) being the suitable space of
probability measures.

Remark 2. The case of undirected graphs is here newly
remarked to be compatible with denumerable observa-
tions: E is covered for w(y,x', -) univoquely.

The Markov Process is one with Equation (23)
THaw) = [ [ #)T ay) Tao') @)

with f in the ‘space of Borel measurable functions’ on
EO x F.

The evolution of the system is described after Equa-
tion (6) from [46]. It is noted here that the methods based
on a Gaussian Markov distribution are applicable; that is,
the transition kernels can induce a measure for the filter of
the probability space.

The Cameron-Martin space is newly presented in
[47]. The Ornstein-Uhlenbeck semigroup mapping is
reappraised in [19] to implement the Ornstein-Uhlenbeck
process described in [18]. An example of representing the
Kantorovich—Rubinstein distance on a centered Gaussian
measure over the Borel o-field is provided in [19] to com-
pute distances between sequences. This example applies
to both pairwise and fragment sequencing. In the same
work, examples are provided for which the total variation
of the norm is shown to be minorizable. Additionally, the
existence of a mapping operator of norm 1, as stated in
Lemma 2.1 of [48], is recalled; the lemma is restated as
follows:

Lemma 1. The mapping Equation (24)
v(a) =D / Tadt, o€ L*(X,p) (24)
0

is defined with v : L*(X, u) — L*(X,pu, H) .

Lemma 1 allows one to define the probability space
for the hierarchical block-matrix Markov shift. In contrast,
the singular-value decomposition of experimental data ma-
trices for complex non-Gaussian random variables is pre-
sented in [21], and the techniques developed in the present
subsection are also applicable. Indeed, the derivation pre-
sented here, following [46], is independent of the Gaus-
sian nature of the variables, allowing for the construction
of a different chain.

4.3. Applications in Sequencing

The example from [18] can now be analyzed using the
paradigms developed in the present paper to unveil the
structures of Hidden Topological Markov Models. More
specifically, it is demonstrated here that knowledge of
the metric allows the definition of differential operators
to be applied to matrices, replacing entries where neces-
sary [17]. The metric defines the manifolds on which the
graphs reside, from which the edges can be selected; the
union of these edges determines the paths that describe the
processes.

The question posed in [ 1] concerns how hierarchical
block matrices can encode information about the topol-
ogy of block-wise segmentation, particularly regarding
the topology of neighboring regions. This investigation
is motivated, among other reasons, by the tasks proposed
in [22].

This section describes how the data can be repre-
sented on a topological manifold and specifies the cor-
responding metric. In the present case, a Hilbert metric
will be determined, which defines the probability space
of the process. Indeed, from the clarifications in [26],
the one-dimensional segmentations are scrutinized, after
which the numerical method is implemented, in which the
likelihood with respect to the block boundaries is maxi-
mized. It is further noted that the likelihood can be maxi-
mized analytically.

The use of the Cameron—Martin distance enables
the extraction of Markov property models from the set of
“Brownian-motion-like” schemes to which the segmenta-
tion techniques may correspond.

Following [49], the problem is extended to a locally
compact, connected, separable Hausdorff space equipped
with a Radon measure. From [16], it is then possible to de-
scribe the time evolution of the eigenvalues of the relevant
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Markov-property models using the kernels on which the
Radon measure is defined; the associated Dirichlet form
implies the Bochner formula.

The use of the Hilbert space, which forms an L?
structure, is proven in [17]; the employment of this space
is proven to be needed straightforwardly in the case one
takes into account the prescriptions from [50].

The Markov-property models studied here are those
that determine the block decomposition of the topological
shift. It is noted here that the numerical model proposed
in [50] can thus be solved analytically.

4.4. Applications in Machine Learning

In the work of Khan et al. [51], the methods of blockchain
are addressed. Protocols for optimizing data availabil-
ity are considered within the blockchain framework. The
roles of blockchain and machine learning are compared,
and the use of Hyperledger technology is analyzed; as a re-
sult, the integration of machine learning with blockchain
distributed ledger technology is examined.

In the work of Khan et al. [52], blockchain-based
platforms are applied, thereby addressing the challenges
of data fluctuations. In the same work, the use of
blockchain to minimize resource consumption is consid-
ered.

In the work of Khan et al. [53], the convergence
of artificial-intelligence-enabled machine learning tech-
niques, such as artificial neural networks, support vector
machines, reinforcement learning, and deep learning, is
analyzed. The use of adaptive control, convolutional neu-
ral networks, and recurrent neural networks in data pro-
cessing is compared, and the integration of artificial intel-
ligence with blockchain technology is proposed. In the
same work, the application of artificial neural networks
for assessing optimization parameters is also discussed.

In the work of Khan et al. [54], the challenge of data
retention is addressed, and control systems are examined.
The possibility of reshaping data analysis in the context of
fog computing is also considered.

In the work of Khan et al. [55], the issue of au-
tonomous decision-making in machine learning is exam-
ined. The aim of this study is to assess the balance be-
tween the use of artificial neural networks and Particle
Swarm Optimization-enabled metaheuristic optimization
methods. The hierarchy of automation is understood in
terms of the artificial intelligence system, with a specific
focus on cloud-native building blocks [56]. In the same
work, the control plane functions are examined as being
decoupled from the user planes.

In the work of Khan [57], the combination of gamifi-
cation and general awareness training is explored. Gener-

ative artificial intelligence, in conjunction with gamifica-
tion, is shown to replace traditional hierarchies. Moreover,
generative Al and gamification-based learning and train-
ing are used to define a new metric for evaluating learners’
progress, with the goal of rewarding game-based learning.

In the work of Khan et al. [58], the focus is on
proposing a lightweight middleware proof of elapsed time
in blockchains. The concept of a permissioned chain
is explained as enabling better single-entity control, and
the key aspects of blockchain technology that ensure ef-
ficiency through a lightweight topology are summarized.
In the same work, the use of multithreading to enhance
system scalability is also discussed.

In the work of Khan et al. [59], Deepfake tech-
nology is investigated, and a critique of the assessment
measures used to evaluate model performance is provided.
The features of computational effectiveness and efficiency
are described. In the same work, the use of cross-model
ledger technology for evaluating Deepfakes across models
within resilient systems is proposed as a topic for further
investigation.

In the work of Khan et al. [60], blockchains and
edge computing are proposed for authentication via a
scalable, lightweight system based on Hyperledger Indy.
Time latency is reduced through edge computing, and a hy-
brid cryptographic technique enables system integration.
In the same work, the use of a permissioned blockchain is
shown to facilitate compliance.

5. Prospective Studies

As an example, in the case of phylogenetic analysis, the
likelihood function is specified in [61].

In the present case, the approach from [25] ensures
that the newly established paradigm is suitable for ma-
chine learning applications, specifically for implementing
the Deep Markov Model for fragment sequencing. This
follows the construction from pairwise sequencing as in-
dicated in [17], with the application of Morse operators.
Additionally, the technique for inserting gaps between
residues from [5] and [24] can be further implemented.

The use of cis maps and trans maps was further de-
veloped in [62].

The use of pairwise sequencing [63] can be applied
to the notion of distances as well [64].

As a comparison with [5—7], the method for sequenc-
ing developed in [65] is of linear growth in the length of
the sequence.

A comparison with [21] provides an opportunity to
inquire about the hypotheses from [20].
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6. Conclusions

Hierarchical Block Matrices (HBMs) are employed to
study the well-posedness of comparing chromatin contact
maps obtained at different resolutions, such as varying
bin sizes. The HBM representation offers a structured
approach to align, integrate, and compare contact maps
while preserving the multiscale organization captured by
3C and Hi-C measurements.

A key outcome is that clustering states can be in-
terpreted as latent states in machine-learning models [66].
The latent structure is encoded by the resulting clusterings
and can be naturally represented using Hidden Markov
Models. This interpretation supports the use of Deep
Markov Models for learning and inference in the presence
of heterogeneous biological samples, and it clarifies how
experimental noise can be accommodated without com-
promising the inferred latent organization.

From a methodological standpoint, Dirichlet-form
techniques are employed to obtain an analytical control of
the limiting behavior of multivariate distributions (in par-
ticular, to recover vanishing means under suitable assump-
tions). This yields a principled regularization framework
that is compatible with comparisons based on overlap be-
tween contact maps.

Finally, framing contact maps as graphs empha-
sizes that overlap-based comparison can be extended to
a broader analysis of graph structures. This includes com-
parisons based on distance-based summaries. Within this
unified setting, noise and random effects can be consis-
tently handled within a single probabilistic paradigm.
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